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1. (Àáäèêàëûêîâ À.Ê.)

Ìàêñèìàëüíûé áàëë äàâàëñÿ çà àëãîðèòì ñ àñèìïòîòè÷åñêîé ñëîæíîñòüþ O(1) (ÿâíóþ ôîð-

ìóëó), ïðîìåæóòî÷íûå áàëëû � çà ñëîæíîñòü O(n) è O(n2).
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2. (Àáäèêàëûêîâ À.Ê.)

à) Äâå ïîëóïàðàáîëû èç óñëîâèÿ çàäà÷è � ýòî ãðàôèêè ôóíêöèé y = x2 è y = −
√
x ïðè x > 0.

Ïîýòîìó èñêîìàÿ ôóíêöèÿ

S(L) =

f−1(L)∫
0

f(x) dx,

ãäå f(x) = x2 +
√
x. (Â ñèëó ìîíîòîííîñòè ôóíêöèè f(x) êîððåêòíî ââîäèòü f−1(L).) Òàê

êàê, êðîìå ïðî÷åãî, ïîäûíòåãðàëüíàÿ ôóíêöèÿ â îïðåäåëåíèè S(L) ïîëîæèòåëüíàÿ, òî è ñàìà
ôóíêöèÿ S(L) � âîçðàñòàþùàÿ. Ïîñêîëüêó S(2) = 1 (ýòî ìîæíî ïîêàçàòü ðàçíûìè ñïîñîáàìè:
êàê ãðàôè÷åñêè, ñîñòàâèâ êâàäðàò, íàïðèìåð, òàê è àíàëèòè÷åñêè, ïîñ÷èòàâ ÿâíî èíòåãðàë),

òî S(L) > 1 ïðè L > 2.
á) Íàéä¼ì ñíà÷àëà x0 = f−1(L) ñ ïîìîùüþ áèíàðíîãî ïîèñêà, çàòåì âû÷èñëèì
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3. (Áàåâ À.Æ.)

Ïðîäèôôåðåíöèðóåì ïî x è y:

f ′(x− y) + f ′(x+ y) = 2xf ′′(x2 + y2),

−f ′(x− y) + f ′(x+ y) = 2yf ′′(x2 + y2).

Ïóñòü x 6= 0, y 6= 0. Ïðèðàâíÿåì f ′′(x2 + y2):

(y + x)f ′(x− y) = (x− y)f ′(x+ y).

Ïóñòü |x| 6= |y|.
f ′(x+ y)

x+ y
=

f ′(x− y)

x− y
.



Çàôèêñèðóåì âåëè÷èíó x− y = A, îòëè÷íóþ îò íóëÿ. Òîãäà âûðàæåíèå ñïðàâà íå çàâèñèò îò

y è ðàâíî íåêîòîðîé êîíñòàíòå 2C.

f ′(2y +A)

2y +A
=

f ′(A)

A
= 2C.

Çàìåòèì, ÷òî t = 2y +A ìîæåò ïðèíèìàòü ëþáûå íåíóëåâûå çíà÷åíèÿ. Çíà÷èò, ïðè t 6= 0:

f ′(t) = 2Ct.

f(t) = Ct2 + C1.

Ïðè ïîäñòàíîâêå â èñõîäíîå óðàâíåíèå, ïîëó÷èì: C1 = 0. Ïðè t = 0 äîîïðåäåëÿåòñÿ èç íåïðå-
ðûâíîñòè f ′(t) (ïî ñîîòíîøåíèþ â óñëîâèè). Îòâåò: f(t) = Ct2.

4. (Áàåâ À.Æ., Àáäèêàëûêîâ À.Ê.)

Ïóñòü êîíå÷íîå çíà÷åíèå S =
2n−1∑
j=1

cj · fj−1+fj+fj+1

3 . Òîãäà ïóíêò á) ýêâèâàëåíòåí ðåøåíèþ

íèæåóêàçàííîé ñèñòåìû ëèíåéíûõ óðàâíåíèé, ïðè÷¼ì â öåëûõ ÷èñëàõ. Âèäíî, ÷òî ñèñòåìà

ñîñòîèò èç (2n+ 1) óðàâíåíèÿ îòíîñèòåëüíî (2n− 1) íåèçâåñòíîé.
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Ðàññìàòðèâàÿ òîëüêî ïåðâûå (2n − 1) óðàâíåíèÿ, ìû ïîëó÷èì ñèñòåìó ñ íèæíåòðåóãîëüíîé

ìàòðèöåé è îïðåäåëèòåëåì, ðàâíûì åäèíèöå, à çíà÷èò, âñåìè óðàâíåíèÿìè, êðîìå ïîñëåäíèõ

äâóõ, âñå íåèçâåñòíûå îïðåäåëÿþòñÿ îäíîçíà÷íî, ïðèíèìàÿ ïðè ýòîì öåëûå çíà÷åíèÿ. Òàêèì

îáðàçîì, çàäà÷à ñâîäèòñÿ ê íàõîæäåíèþ òàêèõ n, ÷òîáû ñèñòåìà èç ýòèõ (2n − 1) óðàâíåíèÿ
èìåëà ðåøåíèå, ñîâìåñòèìîå ñ äîïîëíèòåëüíûìè óñëîâèÿìè c2n−2+c2n−1 = 4, c2n−1 = 1. Ðåøàÿ
ýòó ñèñòåìó ìåòîäîì Ãàóññà, ïîëó÷àåì

c1 = 1, c2 = 3, c3 = −2,
c4 = 3, c5 = 1, c6 = 0,
c7 = 1, c8 = 3, c9 = −2,
c10 = 3, c11 = 1, c12 = 0,

. . .

Òàêèì îáðàçîì, ðàâåíñòâà c2n−2 = 3, c2n−1 = 1 âûïîëíÿþòñÿ òîëüêî â òîì ñëó÷àå, åñëè

2n− 1 = 5 (mod 6),

èëè, ÷òî òî æå ñàìîå, n êðàòíî 3.

Ïóíêò à) ýêâèâàëåíòåí ðåøåíèþ òîé æå ñèñòåìû â öåëûõ ÷èñëàõ, íî óæå áåç ïåðâîãî è ïî-

ñëåäíåãî óðàâíåíèé.
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0 1 1 · · · 0 0 0
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Ôèêñèðóÿ c1 = c è èñïîëüçóÿ âñå óðàâíåíèÿ, êðîìå ïîñëåäíåãî (c2n−2 + c2n−1 = 4), íàõîäèì

c1 = c, c2 = 4− c, c3 = −2,
c4 = 2 + c, c5 = 2− c, c6 = 0,
c7 = c, c8 = 4− c, c9 = −2,

c10 = 2 + c, c11 = 2− c, c12 = 0,

. . .

Çíà÷èò,

c2n−2 + c2n−1 =


c, 2n− 2 = 0 (mod 6),

−2− c, 2n− 2 = 2 (mod 6),

4, 2n− 2 = 4 (mod 6).

Âèäíî, ÷òî â ëþáîì ñëó÷àå ìîæíî ïîäîáðàòü òàêîå c, ÷òîáû âûïîëíÿëîñü ðàâåíñòâî

c2n−2 + c2n−1 = 4,

èç ÷åãî ñëåäóåò, ÷òî ñèñòåìà ñîâìåñòíà ïðè ëþáîì n.

5. (Àáäèêàëûêîâ À.Ê.)

à) Óìåíüøèòü äâîè÷íîå ÷èñëî íà åäèíèöó: CSLAF.

á) Ïîìåíÿòü âñå áèòû: CLA.

â) Ïîìåíÿòü òîëüêî ñòàðøèé áèò: CLRCLA.

6. (Áàåâ À.Æ.)

à) Ïóñòü èñõîäíûé êâàäðàò � ýòî êâàäðàò [0, 1] × [0, 1] íà ïëîñêîñòè, à öåíòð âûðåçàííîãî

êâàäðàòà ðàñïîëîæåí â òî÷êå (x0, y0). Êâàäðàò öåëèêîì ïîìåñòèòñÿ, åñëè (x0; y0) ∈ [a, 1− a]×
[a, 1− a].

1 øàã. Íàéäåì öåíòð òÿæåñòè. Çàïèøåì ôóíêöèþ ïëîòíîñòè ìàññû ïëàñòèíû ïî îñè OX:

f(x) =


1, x < x0 − a

1− 2a, x ∈ [x0 − a, x0 + a]

1, x < x0 + a

Íàéäåì ïðîåêöèþ öåíòðà òÿæåñòè m íà îñü OX:

m =

∫ 1
0 xf(x)dx∫ 1
0 f(x)dx

=
1− 8a2x0
2(1− 4a2)

.

2 øàã. Íàéäåì âåðîÿòíîñòü ïîïàäàíèÿ öåíòðà òÿæåñòè â âûðåçàííóþ ÷àñòü.
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Îáîçíàèì ïîëó÷åííóþ ðàçíîñòü P1 − P2.

Âû÷èñëèì P1. Çàìåòèì, ÷òî x0+a ðàâíîìåðíî ðàñïðåäåëåíî íà [2a, 1]. Ïîýòîìó âàæíî ïîíÿòü,
ïîïàäàåò ëè 1

2 + 4a3 â èíòåðâàë [2a, 1]. 1
2 + 4a3 < 1 ââèäó òîãî, ÷òî a ∈ [0, 12 ]. Ïðîâåðèì ëåâóþ

ãðàíèöó:

1

2
+ 4a3 > 2a



(
a− 1

2

)
(a− ϕ) (a− ϕ) > 0

ãäå ϕ = −1+
√
5

4 . Çíà÷èò, 1
2 + 4a3 ïîïàäàåò â èíòåðâàë [2a, 1] ïðè a < ϕ.

P1 =

{
1−8a3
2(1−2a) , a < ϕ

1, a > ϕ.

Àíàëîãè÷íî âû÷èñëèì P2. x0−a ðàâíîìåðíî ðàñïðåäåëåíî íà [0, 1−2a]. Ïîýòîìó âàæíî ïîíÿòü,
ïîïàäàåò ëè 1

2 − 4a3 â èíòåðâàë [0, 1− 2a]. 1
2 − 4a3 > 0 ââèäó òîãî, ÷òî a ∈ [0, 12 ]. Çíà÷èò:

P2 =

{
1−4a+8a3

2(1−2a) , a < ϕ

0, a > ϕ.

Íàéäåì âåðîÿòíîñòü ïîïàäàíèÿ öåíòðà òÿæåñòè â âûðåçàííóþ ÷àñòü:

(P1 − P2)
2 =

{
4a2(1 + 2a)2, a ∈ [0, −1+

√
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4 ]

1, a ∈
[
−1+

√
5

4 , 12

]
á) Ïðîìîäåëèðóåì ìåòîäîì Ìîíòå�Êàðëî è ïîäñ÷åò öåíòðà òÿæåñòè, è ïîäñ÷åò îòâåòà. Ãåíå-

ðèðóåì N ïîäõîäÿùèõ êâàäðàòîâ. Ó êàæäîãî èç íèõ ãåíåðèðóåì M ñëó÷àéíûõ òî÷åê. Åñëè

öåíòð òÿæåñòè äàííûõ òî÷åê íàõîäèòñÿ âíóòðè êâàäðàòà, òî çàñ÷èòûâàåì ýòîò êâàäðàò. Èíà÷å

� íåò. Îòìåòèì, ÷òî ïîðÿäîê àïïðîêñèìàöèè äàííîãî ìåòîäà O
(

1√
NM

)
.


